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Abstract 

Let i? be a fractional Brownian motion with Hurst parameter H = 1/6. It is known 
that the symmetric Stratonovich-style Riemann sums for J g[B{s)) dB{s) do not, in 
general, converge in probability. We show, however, that they do converge in law in the 
Skorohod space of cadlag functions. Moreover, we show that the resulting stochastic 
integral satisfies a change of variable formula with a correction term that is an ordinary 
Ito integral with respect to a Brownian motion that is independent of B. 
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1 Introduction 

The Stratonovich integral of X with respect to F, denoted j^X{s) o dY{s), can be defined 
as the limit in probability, if it exists, of 

Y^Xi^^^i)±2SM(Y(t,)-Y(t,_,)), (1.1) 

tj<t 

as the mesh of the partition {tj} goes to zero. Typically, we regard (11. ip as a process in t, 
and require that it converges uniformly on compacts in probability (ucp). 

* Supported in part by the (frcnch) ANR grant 'Exploration des Chcniins Rugueux'. 
^Supported by DFG research center Mathcon project E2. 
^Supported in part by NSA grant H98230-09-1-0079. 
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This is closely related to the so-called symmetric integral, denoted by X (s) d°Y (s) , 
which is the ucp limit, if it exists, of 

^/ ^'-'"f ^-' y(.^.)-rM)^.. (1.2) 

as e — )■ 0. The symmetric integral is an example of the regularization procedure, introduced 
by Russo and Vallois, and on which there is a wide body of literature. For further details 
on stochastic calculus via regularization, see the excellent survey article [13] and the many 
references therein. 

A special case of interest that has received considerable attention in the literature is 
when Y = , a fractional Brownian motion with Hurst parameter H. It has been 
shown independently in [2] and [5] that when Y = B^ and X = g{B^) for a sufficiently 
differentiable function g{x), the symmetric integral exists for a\\ H > 1/6. Moreover, in this 
case, the symmetric integral satisfies the classical Stratonovich change of variable formula, 

g{B''{t))=g{B''m+ f g' {B'' (s)) d° B^" (s) . 

Jo 

However, when H = 1/6, the symmetric integral does not, in general, exist. Specifically, 
in [2] and [S], it is shown that fll.2p does not converge in probability when Y = B^^^ and 
X = (B^^^y. It can be similarly shown that, in this case, (11. ip also fails to converge in 
probability. 

This brings us naturally to the notion which is the focus of this paper: the weak 
Stratonovich integral, which is the limit in law, if it exists, of (II. ip . We focus exclusively 
on the case Y = B^^^. For simplicity, we omit the superscript and write B = B^/^. Our 
integrands shall take the form g{B{t)), for g G C°°(]R), and we shall work only with the 
uniformly spaced partition, tj = j /n. In this case, (II. ip becomes 

where [x\ denotes the greatest integer less than or equal to x, and ABj = B(tj)—B(tj-i). We 
show that the processes In{g, B) converge in law in -Dk[0, oo), the Skorohod space of cadlag 
functions from [0, oo) to M. We let g{B{s)) dB{s) denote a process with this limiting law, 
and refer to this as the weak Stratonovich integral. 

The weak Stratonovich integral with respect to B does not satisfy the classical 
Stratonovich change of variable formula. Rather, we show that it satisfies a change of 
variable formula with a correction term that is a classical Ito integral. Namely, 

g{B{t)) = g{Bm + j\'{B{s)) dB{s) - 1 j\"'iB{s)) dlB^ (1-3) 

where {Bj is what we call the signed cubic variation of B. That is, {Bj is the limit in law of 
the sequence of processes Vn{B,t) = ^^^l ^Bj- It is shown in [11] that {B] = kW, where 
is a standard Brownian motion, independent of B, and k ~ 2.322. (See (12. 5p for the exact 
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definition of k.) The correction term in (11. 3p is then a standard Ito integral with respect to 
Brownian motion. 

Our precise results are actually somewhat stronger than this, in that we prove the joint 
convergence of the processes B, Vn{B), and In{g,B). (See Theorem 12.121 ) We also discuss 
the joint convergence of multiple sequences of Riemann sums for different integrands. (See 
Theorem 12.131 and Remark 12. 14[ ) 

The work in this paper is a natural follow-up to [1] and [9]. There, analogous results 
were proven for B^^^ in the context of midpoint-style Riemann sums. The results in [1] and 
[9] were proven through different methods, and in the present work, we combine the two 
approaches to prove our main results. 

Finally, let us stress the fact that, as a byproduct of the proof of (II. 3p . we show in the 
present paper that 

n-'/'y2gm,-i))h3{n'/'AB,) ^ -\ [ g"'{B{s))ds+ [ g{B{s))dlBl, 

° ^0 Jo 

in the sense of finite-dimensional distributions on [0, oo), where h^i^x) = — 3x denotes the 
third Hermite polynomial. (See more precisely Theorem 13.71 below. Also see Theorem 13.81 ) 
From our point of view, this result has also its own interest, and should be compared with 
the recent results obtained in [TJIH], concerning the weighted Hermite variations of fractional 
Brownian motion. 



2 Notation, preliminaries, and main result 

Let B = B^/^ be a fractional Brownian motion with Hurst parameter if = 1/6. That is, B 
is a centered Gaussian process, indexed by t > 0, such that 

R{s,t) = E[B{s)B{t)] = ^{t^/^ + - |t - s\^/^). 

Note that E\B{t) — i?(s)p = \t — s\^"l'^ . For compactness of notation, we will sometimes 
write Bt instead of Bit). Given a positive integer n, let At = and tj = tj^n = j^t- We 
shall frequently have occasion to deal with the quantity = /3j = (5(tj_i) + B{tj))/2. 
In estimating this and similar quantities, we shall adopt the notation r+ = r V 1, which 
is typically applied to nonnegative integers r. We shall also make use of the Hermite 
polynomials, 

K{x) = (-l)"e^V2A_(e-V2). (2.1) 

Note that the first few Hermite polynomials are hQ{x) = 1, hi{x) = x, h2{x) = x^ — 1, and 
hsix) = x^ — 3x. The following orthogonality property is well-known: if U and V are jointly 
normal with E{U) = E{V) = and E{U^) = E{V^) = 1, then 

Em,iV,Jf^^"^^'^' (2.2) 
U otherwise. 
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If X is a cadlag process, we write X{t—) = limsf-tX(s) and AX{t) = X{t) —X{t—). The 
step function approximation to X will be denoted by = X{\nt\/n), where [-J is the 

greatest integer function. In this case, AXnitj^n) = X{tj) — We shall frequently use 

the shorthand notation AXj = AXj^n = AXn{tj^n)- For simplicity, positive integer powers 
of AXj shall be written without parentheses, so that AXj = (AXj)^. 

The discrete p-th variation of X is defined as 

[ntj 

and the discrete signed p-th variation of X is 

[nt\ 

Kf^(X,t) = ^|AX,|Psgn(AX,). 

i=i 

For the discrete signed cubic variation, we shall omit the superscript, so that 

[nt\ 

= V^^{X,t) = Y^AXf. (2.3) 

i=i 

When we omit the index t, we mean to refer to the entire process. So, for example, 
Vn{X) = Vn{X, ■) refers to the cadlag process which maps t i— )• Vn{X,t). 
Let {p{r)}r£z be the sequence defined by 

p(r) = l(|r + + |r - Ij^/^ - 2\r\^/^). (2.4) 

Note that Xlr-ez < ^ and E[ABiABj] = n-^/^p{i - j) for all i,j E N. Let k > be 

defined by 

^2 = Qj^p^r) = ^ 5^(|r + + 1^ _ i|i/3 _ 2|^|i/3)3 ^ g^gg^^ (2.5) 

and let be a standard Brownian motion, defined on the same probability space as 5, and 
independent of B. Define \B\ = KW(t). We shall refer to the process [Bj as the signed 
cubic variation of B. The use of this term is justified by Theorem 12.111 

A function (7 : M'^ — )■ M has polynomial growth if there exist positive constants K and r 
such that |5'(a;)| < K{1 + |a;|^) for all x G M*^. If A; is a nonnegative integer, we shall say 
that a function g has polynomial growth of order k ii g E C^{W^) and there exist positive 
constants K and r such that \d°'g{x)\ < K{1 + |a;|'') for all a; G and all |a| < k. (Here, 
a G Nq = (N U {0})^ is a multi-index, and we adopt the standard multi-index notation: 
dj = d/dxj, = d^' ■ ■ ■ and |a| = ai + • ■ ■ + a^.) 

Given (7 : M — )■ M and a stochastic process {X(t) : t > 0}, the Stratonovich Riemann sum 
will be denoted by 

i=i 
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The phrase "uniformly on compacts in probabihty" will be abbreviated "ucp." If Xn and Yn 
are cadlag processes, we shall write X„ ^ ¥„, or ^ Yn(t) to mean that X„ — F„ — )• 

ucp. In the proofs in this paper, C shall denote a positive, finite constant that may change 
value from line to line. 

2.1 Conditions for relative compactness 

The Skorohod space of cadlag functions from [0, oo) to M'^ is denoted by D]Rd[0, oo). Note 
that D]8d[0, oo) and {Dr[0, oo)Y are not the same. In particular, the map {x,y) ^ x + y 
is continuous from L']r2[0,oo) to -Dig[0, oo), but it is not continuous from {D^[0,oo)Y to 
Dk[0, oo). Convergence in D]^d[0,oo) implies convergence in {D^[0, oo)Y, but the converse 
is not true. 

Note that if the sequences {Xn^}, . . . , {Xn^} are all relatively compact in Dk[0,oo), 
then the sequence of ci-tuples {{Xn \ ■ ■ ■ , Xn^)} is relatively compact in (D]r[0, oo))'^. It 
may not, however, be relatively compact in D^d[0, oo). We will therefore need the following 
well-known result. (For more details, see Section 2.1 of [T] and the references therein.) 

Lemma 2.1. Suppose {{Xn\ ■ ■ ■ ■, Xn^)}'^^^ is relatively compact in {D]^[0,oo))'^. If, for 
each j > 2, the sequence I converges in law in D]r[0,oo) to a continuous process, 

then {{Xn \ ■ ■ ■ ,Xn^)}'^^j^ is relatively compact in D^d[0, oo). 

Our primary criterion for relative compactness is the following moment condition, which 
is a special case of Corollary 2.2 in [1]. 

Theorem 2.2. Let {Xn} be a sequence of processes in D^d[0,oo). Let q{x) = \x\ A 1. 
Suppose that for each T > 0, there exists u > 0, P > 0, C > 0, and 6 > 1 such that 
sup„ -E'[|X„(T)|'^] < oo and 



for all n and all < s < t < T . Then {Xn} is relatively compact. 

Of course, a sequence {Xn} converges in law in D^d[0,oo) to a process X if {Xn} is 
relatively compact and Xn — )■ X in the sense of finite-dimensional distributions on [0,oo). 
We shall also need the analogous theorem for convergence in probability, which is Lemma 
A2.1 in |3]. Note that if x : [0, oo) — )■ M*^ is continuous, then — )■ x in i3)]Rd[0, oo) if and 
only if Xn — X uniformly on compacts. 

Lemma 2.3. Let {Xn},X be processes with sample paths in D]^d[0, oo) defined on the same 
probability space. Suppose that {Xn} is relatively compact in D^d[0, oo) and that for a dense 
set H C [0, oo), Xn{t) — )■ X{t) in probability for all t & H . Then Xn X in probability in 
D^d[0,oo). In particular, if X is continuous, then Xn — X ucp. 

We will also need the following lemma, which is easily proved using the Prohorov metric. 




(2.6) 
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Lemma 2.4. Let {E,r) be a complete and separable metric space. Let X„ be a sequence of 
E-valued random variables and suppose, for each k, there exists a sequence {Xn,fc}^i such 
that limsnpn^^ E[r{Xn, Xn,k)] < ^k, where 5^ — j- as A; — )■ oo. Suppose also that for each 
k, there exists such that Xn,k — > Yk in law as n ^ oo. Then there exists X such that 
Xn X in law and Yk ^ X in law. 



2.2 Elements of Malliavin calculus 

In the sequel, we will need some elements of Malliavin calculus that we collect here. The 
reader is referred to [6] or [10] for any unexplained notion discussed in this section. 

We denote by X = {X{(f) : if & Sj} a.n isonormal Gaussian process over S), a real and 
separable Hilbert space. By definition, X is a centered Gaussian family indexed by the 
elements of and such that, for every ip,ip G Sj, 

E[Xiip)Xm = {cp,^lj)^. 

We denote by Sj^'^ and io®'', respectively, the tensor space and the symmetric tensor space 
of order q > 1. Let be the set of cylindrical functionals F of the form 

F = /(X(<^i),...,X(<^„,)), (2.7) 

where n > 1, (fi E and the function / G C°°(M") is such that its partial derivatives have 
polynomial growth. The Malliavin derivative DF of a functional F of the form (12. 7p is the 
square integrable i)- valued random variable defined as 

DF = J2§^i^i^^)^■■■^^i^n))^^■ 

In particular, DX{ip) = ip for every if E Sj. By iteration, one can define the mth derivative 
D^F (which is an element of L^(r2,i3®™)) for every m > 2, giving 

^"^= E 71 ^(X(y,i),---,^(V'n))^n®---®¥'^™- 

As usual, for m > 1, D*"'^ denotes the closure of with respect to the norm || ■ ||m.2, defined 
by the relation 



EE'' + ^E\\D'F\\l^.. 



\m,2 

1=1 



The Malliavin derivative D satisfies the following chain rule: if / : — >■ M is in (that 

is, the collection of continuously differentiable functions with a bounded derivative) and if 
{Fj}i=i^,..^„ is a vector of elements of D^'^, then f{Fi, . . . , F„) G D^'^ and 

DfiF^, ...,Fr,) = J2 ^(^1' • • • ' ^n)DF,. (2.8) 

1=1 * 
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This formula can be extended to higher order derivatives as 

D-/(Fi,...,FO= ^ a Yl Q^. . .Q^. {F,,---.Fn)D'^'F,,®---®D^-F,^, (2.9) 

where Vm is the set of vectors v = {vi, . . . , Vk) G N'^ such that k > 1, Vi < ■ ■ ■ < v^, and 
Vi + ■ ■ ■ + Vk = m. The constants C„ can be written exphcitly as Cy = mllYYj^i "^jKiO™^ )"^' 
where rrij = \{i : ve = j}\. 

Remark 2.5. In (12. 9p . a^b denotes the symmetrization of the tensor product a®&. Recall 
that, in general, the symmetrization of a function f of m variables is the function / defined 
by ^ 

f{ti,...,tm) = —^^ ^ f{ta{l),---,t^(^rn)), (2.10) 

where &m denotes the set of all permutations of {1, . . . , m}. 

We denote by / the adjoint of the operator D, also called the divergence operator. A 
random element u G L'^{Q,S)) belongs to the domain of /, noted Dom(/), if and only if it 
satisfies 

\E{DF, u)s^\ < cWEF^ for any F G ^, 

where c„ is a constant depending only on u. If n G Dom(/), then the random variable I{u) 
is defined by the duality relationship (customarily called "integration by parts formula"): 

E[FI{u)] = E{DF,u)^, (2.11) 

which holds for every F G D^'^. 

For every n > 1, let "H^ be the nth Wiener chaos of X, that is, the closed linear subspace 
of generated by the random variables {hn{X{ip)) : ip & S), \ip\^^ = 1}, where hn is the 
Hermite polynomial defined by (12. ip . The mapping 

4(y.^") = K{X{if)) (2.12) 

provides a linear isometry between the symmetric tensor product i^®"^ (equipped with the 
modified norm ;^|| ■ \\sj^n) and Tin- The following duality formula holds: 

E[FUf)]=E{D^FJ)s,^., (2.13) 

for any element / G i^®" and any random variable F G D"'^. We will also need the following 
particular case of the classical product formula between multiple integrals: if ip,ip G and 
m,n > 1, then 

mAn , \ / \ 

/™(^n/n(V^n = E^'i 7) ( J W-2.(¥^^(™-'') ® t^^("-^))(¥^,V^)^. (2.14) 



r=0 



Finally, we mention that the Gaussian space generated by 5 = B^l'° can be identified 
with an isonormal Gaussian process of the type B = {B{h) : h G Sj}, where the real and 
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separable Hilbert space is defined as follows: (i) denote by £' the set of all M-valued step 
functions on [0, oo), (ii) define Sj as the Hilbert space obtained by closing S' with respect to 
the scalar product 

(l[o,], l[o,.])., = E[B{s)B{t)] = ^{t'/' + s'/' -\t- s\'/^). 

In particular, note that B(t) = i?(l[o,t])- To end up, let us stress that the mth derivative 
D"^ (with respect to B) verifies the Leibniz rule. That is, for any F,G & D'"'^ such that 
FG G we have 

DZ..,tjFG) = J2D['^iF)Dp'^{G), t.G[0,r], . = l,...,m, (2.15) 

where the sum runs over all subsets J of {ti, . . . , tm}, with \J\ denoting the cardinality of J. 
Note that we may also write this as 

D"'{FG) = J2[k) ^D"'-''G). (2.16) 

2.3 Expansions and Gaussian estimates 

A key tool of ours will be the following version of Taylor's theorem with remainder. 
Theorem 2.6. Let k be a nonnegative integer. If g & C''(R'^), then 

g{h)=Y.d-g{a)^^^^ + R,{aM. 

Cv. 

\a\<k 

where ^ 

Rkia, b) = ky" i^JI^ /" (1 _ u)''[d''g{a + u{b - a)) - d'^gia)] du 

ifkyi, and Ro{a,b) = g{b) — g{a) . In particular, Rk{a,b) = J2\a\=k^a{(iyb){b — a)°' , where 
ha is a continuous function with ha{a, a) = for all a. Moreover, 

\Rk{a,b)\ <{kyi)J2 Ma\ib-a)% 

\a\=k 

where Ma = sup{|9°(7(a + u{b — a)) — d"g{a)\ : < u < 1}. 

The following related expansion theorem is a slight modification of Corollary 4.2 in [1]. 

Theorem 2.7. Recall the Hermite polynomials hn{x) from (12. ip . Let k be a nonnegative 
integer. Suppose (y9 : M — M measurable and has polynomial growth with constants K and 
r. Suppose f G C'^'^^(M'^) has polynomial growth of order k + 1, with constants K and r. Let 
^ G M"^ and F G M 6e jointly normal with mean zero. Suppose that EY^ = 1 and E^j < v 
for some > 0. Define rj eM'^ by rjj = E[C^jY]. Then 

E[fiO¥>iY)] = ^v''E[dVXO]E[hHiyMY)] + R, 

\a\<k 

where \R\ < GK\ri\^^^ and G depends only on K , r, v, k, and d. 
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Proof. Although this theorem is very similar to Corollary 4.2 in [I], we provide here another 
proof by means of Malliavin calculus. 

Observe first that, without loss of generality, we can assume that = X{vi), i = 1, . . . ,d, 
and Y = X{vd+i), where X is an isonormal process over = M'^'^^ and where fi, . . . , Vd+i 
are some adequate vectors belonging in Sj. Since (p has polynomial growth, we can expand 
it in terms of Hermite polynomials, that is ip = Y2'^=o'^<}^<i- Thanks to (12. 2p . note that 
qlcq = E[ip{Y)hg{Y)]. We set 

k oo 

^fc = ^ Cghg and <^fc = ^ Cghg. 

g=0 q=k+l 

Of course, we have 
We obtain 

k 

EinOMY)] = ^ E[^iY)h,{Y)] E[fiOK{Y)] 

k 

= E ^ EMY)K{Y)] E[f{Olq{vZ)] by (M 

q=0 ^' 

k 

q=0 ^' 

= E E[p{Y)hg{Y)]E 

q=0 ii,...,iq=l 

Since the map <I> : {1, . . . , c/}'' {a e Nq : |a| = q} defined by . . . ,iq))j = \{i : ii = j}\ 

is a surjection with |$~-'^(a;)| = q\/a\, this gives 

EifiOMY)] = E ^_E[p{Y)hgiY)]E[dy{OK 

q=0 ^' \a\=q 

= E^^[^(^)Vi(^)]^[^"/(^)]^"- 

\a\<k 

On the other hand, the identity (12. 2p . combined with the fact that each monomial x" can 
be expanded in terms of the first n Hermite polynomials, implies that E[Y^"^(pi:{Y)] = for 
all |a| < k. Now, let U = ^ - r]Y and define 5 : ^ R by g{x) = E[f{U + xY)(pk{Y)]. 
Since p (and, consequently, also (pk) and / have polynomial growth, and all derivatives of / 
up to order k + 1 have polynomial growth, we may differentiate under the expectation and 
conclude that g G C'^"^^(M'^). Hence, by Taylor's theorem (more specifically, by the version 



(0 



/? 1 
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of Taylor's theorem which appears as Theorem 2.13 in [T]), and the fact that U and Y are 
independent, 



ElfiOMY)] = giv) = Yl ^V'd^gio) + R 

\a\<k 

= V i^r/^^r + R = R, 



\a\<k 

where 

k\ 

and M = sup{|9"^(Mr/)| : < m < 1, |a| = A; + 1}. Note that 
Hence, 

la^^Mi < i^^E[(i + le - r/(i - M)rr)|F|i"i(i + |yr')] 

< KKE[{1 + 2'"|^r + 2'\t]Y\YY){\Y\\''\ + 
Since |?7p < vd, this completes the proof. □ 
The following special case will be used multiple times. 

Corollary 2.8. Let Xi, . . . , X„ he jointly normal, each with mean zero and variance hounded 
hy u > 0. Let rjij = E[XiXj]. If f & C^lW^"^) has polynomial growth of order 1 with 
constants K and r, then 

\E[f{Xu...,Xn_,)Xl]\<CKa^max\7],nl (2.17) 

j<n 

where a = (EX^Y^'^ and C depends only on r, v, and n. 

Proof. Apply Theorem 12.71 with k = 0. □ 

Finally, the following covariance estimates will be critical. 
Lemma 2.9. Recall the notation (5j = {B{tj-i) + B(tj))/2 and r_|_ = r V 1. For any i,j, 

(i) \E[^BAB.j\\<C^t^l^\j-i\l'''\ 

(ii) \E\B{t,)^B.^\ < cAt'/^ir'/-' + \j - 

^m; \E[f3,AB,]\ < CAti/3(^--2/3 + _ ,|^2/3^^ 

(iv) \E[^jABj] \ < CAti/3j-2/3^ and 

(v) Ci\t, - t,| V3 < E\/3, - < C2\t, - 
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where Ci,C2 are positive, finite constants that do not depend on i or j. 
Proof, (i) By symmetry, we may assume i < j. First, assume j — i >2. Then 

ft 2 r^j 



E[ABiAB^]= r r dlR{s,t)dtds, 

J ti — ^ J t^ — i 



where = 8182. Note that for s < t, 8l^R{s,t) = -(l/9)(t - Hence, 



\E[ABiABj]\ < CAt'^ltj^i - ti\~^/'^ < CAt^/'^lj - ■ 



1-5/3 



Now assume j - i <1. By Holder's inequahty, \E[ABiABj]\ < At^/^ = At^^^\j - i\^^^^. 
(ii) First note that by (i). 



\E[B{ti)ABj]\ < J2 \E[ABkABj]\ < CAt^/^ ^ |A; - < CAt^/^ 

k=l k=l 

This proves the lemma when either j = 1 or |j — z|+ = 1. To complete the proof of (ii), 
suppose J > 1 and |j — «| > 1- Note that if t > and s ^ t, then 

82Ris,t) = -ht- s\-^/^sgn{t - s). 

We may therefore write E[B(ti)ABj] = J^^ ^ 82R{ti,u) du, giving 

\E[B{ti)AB,]\ < At sup \82R{ti,u)\ < CAt'/'\r^/' + \j - ^|;'/'), 

which is (ii). 

(iii) This follows immediately from (ii). 

(iv) Note that 2(3jABj = B{tjf - B{tj-if . Since EB{tf = the mean value theorem 
gives \E[(3jABj] \ < C(At)t;'/^ = CAe'^'j-^'^ 

(v) Without loss of generality, we may assume i < j. The upper bound follows from 

2(/3, - A) = m,) - Bm + m,~i) - ^(^.-1)), 

and the fact that E\B(t) — B{s)\'^ = \t — s\^^'^. For the lower bound, we first assume i < j — 1 
and write 

2{Pj - A) = 2(5(t,_i) - B{t,)) + ABj + AB,. 

Hence, 

Since ABi and ABj are negatively correlated, 

E\AB^ + A5ip < ^|A5jf + ^|A5ip = 2At^^^. 

Thus, 

{E\(3, - AH'/' > AtV6|^- _ 1 _ ,|i/6 _ 2-1/2 AtV6 > cAt'/'\j - 

for some C > 0. This completes the proof when i < j — 1. 

If i = j — 1, the conclusion is immediate, since 2(/3j — A-i) = B(tj) — B{tj^2)- ^ 
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2.4 Sextic and signed cubic variations 

Theorem 2.10. For each T > 0, we have £'[supo<t<T \V^{B,t) - 15tp] -)■ as n -)■ oo. In 

particular, V^{B,t) — ?■ 15t ucp. 

Proof. Since V^{B) is monotone, it will suffice to show that V^{B,t) — 15t in for each 
fixed t. Indeed, the uniform convergence will then be a direct consequence of Dini's theorem. 
We write 

lnt\ 

V^{B,t) - 15t = J2^AB^ - 15At) + 15{[nt\/n - t). 
i=i 

Since | [nt\/n -t\< At, it wiU suffice to show that E\ ^j"*^ (A5| - 15At)p 0. For this, 
we compute 



E 



[nt\ 2 \nt\ \nt\ 

J](A5j - 15At) = J] - 15At)(A5j - 15At)] 

(2.18) 

\nt\ \nt\ ^ ' 

= ^(E[Afif Afif] - 225At2). 
i=i j=i 

By Theorem 12.71 if are jointly Gaussian, standard normals, then £"[^^1^^] = 225 + R, 
where \R\ < C\E[^Y]\^. Applying this with ^ = At^^/^ABi and Y = At'^/^ABj, and using 
Lemma ESl^i), gives \E[ABf^AB^] - 225At2]| < CAt'^\] - . Substituting this into 

(12181) . we have 



E 



< C[nt\At^ < CtAt 0, 



J](A5j - 15 At) 

which completes the proof. □ 

Theorem 2.11. Is n oo, (5, K(5)) (5, |5]) in law in D^2[0, oo). 

Proof. By Theorem 10 in [H], {B,VniB)) {B,kW) = (5, |S]) in law in (Dk[0,oo))2. 
By Lemma [231 this implies {B, Vn{B)) (B, [B]) in D^2[0, oo). □ 



2.5 Main result 

Given g G C°°(M), choose G such that G' = g. We then define 

\{B{s)) dB{s) = G{B{t)) - G{B{0)) + ^ £ G"'{Bis)) dlBj,. (2.19) 

Note that, by definition, the change of variable formula (11.31) holds for all g G C°°. We 
shall use the shorthand notation J g{B)dB to refer to the process t i— )■ g{B{s)) dB{s). 
Similarly, J g{B)dlBl and / g{B) ds shall refer to the processes t (-)■ g{B{s)) d\B\s and 
t g{B(s)) ds, respectively. 
Our main result is the following. 
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Theorem 2.12. If g e C^{R), then {B ,Vn{B), I^ig, B)) (5, [S],/ g{B) dB) in law m 
[0,00). 

We also have the following generalization concerning the joint convergence of multiple 
sequences of Riemann sums. 

Theorem 2.13. Fix k > 1. Let g^ e C°°(]R) for 1 < j < k. Let J„ be the W'-valued process 
whose j-th component is {Jn)j = In{.gj,B). Similarly, define J by Jj = J gj{B)dB. Then 
Jn) ^ (B, J) m law m D^k+2[0,oo). 

Remark 2.14. In less formal language, Theorem 12.131 states that the Riemann sums 
In{gji B) converge jointly, and the limiting stochastic integrals are all defined in terms of the 
same Brownian motion. In other words, the limiting Brownian motion remains unchanged 
under changes in the integrand. In this sense, the limiting Brownian motion depends only 
on B, despite being independent of B in the probabilistic sense. 

The proofs of these two theorems are given in Section [51 

3 Finite-dimensional distributions 

Theorem 3.1. If g & C°°(M) is bounded with bounded derivatives, then 

B^ ^ g ^(^^^^-^^^ + ^(^(^^-^^ h,[n^l^AB,^ [B,lBlj mdlB]) , 

in the sense of finite- dimensional distributions on [0, 00). 

The rest of this section is devoted to the proof of Theorem 13.11 

3.1 Some technical lemmas 

During the proof of Theorem 13.11 we will need technical results that are collected here. 
Moreover, for notational convenience, we will make use of the following shorthand notation: 

5j = and ej = l[o,tj]. 

For future reference, let us note that by fl2.10p . 

h,...,iq&{s,t} 
\{j:ij=s}\=q~a 

Lemma 3.2. We have 
(%) \E[B{r){B{t) - B{s))]\ = |(l[o,.], 1^)^.1 < 1^ " ^1'^' > 0/ 
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[ntj [n.fj 

(a) sup y^ \E[B{s)ABk]\= sup ^ |(lfo,si,5fe)ii| = 0(1) for any fixed t,T > 0; 



0<S<T 



k=l 



0<s<T 



k=l 



[nij [ntJ 

V |E(5(t,_i)A5fc)| = V K£j-i,4)i5l = /or any fixed t > 0; 

' ' n— 5>oo 

A;,j=l k,j=l 



[nt\ 

k=l 

[nt\ 

WE 

fc=i 
Proof. 



(E[5(tfc_i)A5fc])3 + 



8n 



lnt\ 



fc=l 



[nt\ 

E 

fc=i 



/or any fixed t > 0; 



/or ani/ fixed t > 0. 



(z) We have 



E{B{r){B{t) - B{s))) = ^(t^/'^ - sV3) + 1 (|, _ ,|i/3 _ |t _ ,|i/3) . 

Using the classical inequality — lal"*^^^! < |& — o-l^^'^, the desired result follows. 

[a) Observe that 

E{B{s)ABk) = [k^'^ -{k- if^^ - \k - ns\^/^ + \k - ns - . 

We deduce, for any fixed s <t: 

lnt\ , 

\EiBis)AB,)\ < -t"-^ + ^ (M -ns + if' - [ns - M)V3 
fc=i ^ 

[nsj [ntJ 

+ ^((ns + 1 - - (ns - + J] ((A; - ns)^/=' - (A: - ns - 1)^/=^) 

fc=l A:=[nsJ+2 

where < Cn^^l' ^ and C does not depend on s or t. The case where s > t can be 
obtained similarly. Taking the supremum over s G [0,T] gives us [ii). 

[ill) is a direct consequence of iii). 

(iv) We have 



1 



{E{B{t,^,)AB,)Y + - 



n 



^ (fcV3 _ _ 1)1/3) 

(A;l/3 _ _ 1)1/3)2 _ 3^^^i/3 _ _ ^)l/3) ^ 3 



5n 

X 



Thus, the desired convergence is immediately checked by combining the bound < 
A;^/3 — ij^ — 1)^/3 < 1 with a telescoping sum argument. 
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(v) The proof is very similar to the proof of (iv). □ 

Lemma 3.3. Let s > 1, and suppose that G C^(M'') and (71,(72 G C^(M) have polynomial 
growth of order 6, all with constants K and r. Fix a,b & [0, T]. Then 

[naj [nfcj 

sup sup ^ Yl \E{<PiB{ui), . . . , i?K))(7i(i?(t.,„i))(72(i?fe_l))/3(C)^3(C)) I 
ni,...,-u,e[0,T] n>l ^^^^ ^^^^ 

is finite. 

Proof. Let C denote a constant depending only on T, s, K, and r, and whose value can 
change from one line to another. Define / : — )■ M by 

f{x) = . . . , Xs)giiXs+l)g2iXs+2)h3{Xs+3)- 

Let = B{ui), i = ^^+1 = ^^+2 = B(ti^_i), ^^+3 = n^^'^ABi^, and 

?7j = n^^^El^^iABi^]. Applying Theorem 12.71 with /c = 5, we obtain 

E{<P{B{u,), . . . , i?K))(7i(i?(t.,_i))(72(i?(t.,_i))/3(5f )^3(C)) 

= iE(</)(5(ni), . . . , fiK))(7i(fi(t,,,_i))52(5(t,,_i))/i3(nHA5,J/i3(nH AS,J) 

n ^-^ al n 

\a\=3 

where \R\ < C\r]\^ 

By Lemma [3.21 (z), we have |?7j| < n~^^^ for any z < s + 2, and |?7s+3| < 1. Moreover, we 
have 

[naJ [nfej [naJ [nb] 

^ E E i^-3i = ^ E E li^i - + 11^'' + - - - - ^^^1 < c. 

ii = l 12=2 ii=l 42=2 

Therefore, by taking into account these two facts, we deduce ^ ^["=2 l-^l — ^■ 

On the other hand, if a G Np~^ is such that |q;| = 3 with 0^5+3 7^ 0, we have 

[naJ [nb] 



^EE:?[l^r/(0]|l^^ 



n — ' ^ — ' a\ 

«1 = 1 «2 = 1 



[naJ [nfej 

< - E E 1 - ^2 + ir/^' + -12- ir/' - 2|zi - Z2r/'i < c. 



n 

i\=l 12=1 



Finally, if a G Nq^^ is such that |a| = 3 with a,+3 = then 9"/ = 9"/®/i3 with / : M 
defined by f\x) = (j){xi, . . . ,Xs)gi{xs+i)g2{xs+2)- Hence, applying Theorem 12.71 to / with 
k = 2, we deduce, for r/ G Nq^^ defined by rfi = T]i, 



= \E[d''mh3in'/'AB,,)]\ <C\ri\'< Cn 



1/2 
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so that 

[naj [nfej [naj [n6J 

«1 = 1«2=1 il=lj2 = l 

The proof of Lemma 13.31 is done. □ 

Lemma 3.4. Let g,h ^ C"^(M), q > I, having bounded derivatives, and fix s,t > 0. Set 
£t = l[o,f] dnd Es = l[o,s]- Then g{B(t))h{B{s)) belongs in W'"^ and we have 



D^'{g{B{t))h{B{s))) = J2 ('l)jg^''\B{t))h^'^~'^HB{s))er®ef'^-^\ (3.2) 



a=0 

Proof. This follows immediately from fl2.16p . □ 

Lemma 3.5. Fix an integer r > 1, and some real numbers si,...,Sr > 0. Suppose 
(f G C°°(]R'') and gj G C°°(M), j = 1,2,3,4, are bounded with bounded partial derivatives. 
For 21,22,^3,^4 e N, set $(21,22,23,^4) := f{Bs^, . . .,Bs,) 11^=1 5'i(5s,P- Then, for any fixed 
a, b,c,d > 0, the following estimate is in order: 

[naj [nb\ [ncj [nd] 

E E E E 1^ ("^(^i' ^2, ^3, ^4)/3(5f )/3(C)^3(C)^3(C)) I < ^- (3-3) 

n>l . , . , . , . 

Proof. Using the product formula fl2.14p . we have that Li{5'^^)Is{5f^'^) equals 

hiSfJ" ® C) + 9^4(C ® SZ'){6,,, 5,,)^ + 18/2(5,3 ® 5,J(5.3, + 6(5.3, ^m)!,- 
As a consequence, we get 

[naj [nfej [ncJ [ndj 

E E E E 1^ (^(^1' ^4)/3(0/3(5f )/3(C)^3(0) I 

il=l 12 = 1 j3=l 14 = 1 

[naj [nfej [ncJ [ndj 

^ E E E E 1^ ^4)/3(0/3(5f )/6(C ® o) I 

n=l j2=l «3=1 *4=1 

[naj [n6J [ncJ [ndj 

+ 9 E E E E 1^ ("^(^i' ^3, ^4)/3(5f )/3(5f )/4(5f ® C)) 1 1 (^^3, 5.4)^^1 

«1 = 1 j2 = l *3 = 1 «4 = 1 
[naj [nbj [ncJ [ndj 

+ 18 E E E E 1^ ("^(^l' ^3, 24)/3(5f)/3(C)^2(5.3 ® '^m)) I (^.3, 
il = l 42 = 1 i3 = l «4 = 1 
[naj [n6J [ncJ [ndj 

+ 6 E E E E 1^ (<l>(2i,22,23,24)/3(5f )/3(5f)) | K^,,'^.)^! 

U=l 12 = 1 13 = 1 14=1 

=: + 94"^ + 184"^ + 64"^ 



)2 
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(1) First, we deal with the term A^^\ 

[naj [nb] [ncj [nd] 

^S"^ = E E E E 1^ ® )) I 

«1 = 1 «2=1 «3 = 1 «4 = 1 
[naJ [nbj [ncJ [ndj 

= E E E E 1^ ((^' (^(^1' ^4)/3(C)^3(C)) ' € ® O^-) I 

11=1 12=1 43 = 1 44 = 1 

When computing the sixth Malhavin derivative D^[^(ii,i2,i3,ii)l3{5f^'^)Li{Sf^^)), there are 
three types of terms: 

(la) The first type consists in terms arising when one only differentiates $(ii, ^2, "^3, "^4)- 
By Lemma [3.21 (i), these terms are all bounded by 

[naJ [nb] [ncJ [nd] 

^2 



E E E E 1^ ^3. ^4)/3(C)^3(5f )) 

*1=1 «2 = 1 43 = 1 44 = 1 

which is less than 

[naJ [nbj 

sup sup ^5^k($(2i,22,^3,^4)/3(C)^3(5f 

jfi=l,...,[ncj i4=l,...,[ndj ' ^ 



a 42 = 1 



(Here, $(zi, Z2, 23, 24) means a quantity having a similar form as $(zi, Z2, ^3, ^4)-) Therefore, 
Lemma [373] shows that the terms of the first type in A^^^ well agree with the desired conclusion 

(lb) The second type consists in terms arising when one differentiates $(ii, 22, "^3, "^4) and 
73(5®^), but not 13(6^^) (the case where one differentiates $(21,22,^3,^4) and 13(6^^) but 
not /3((5®^) is, of course, completely similar). In this case, with p defined by (12 ■4p . the 
corresponding terms are bounded either by 

[na] [nfej [ncJ [nd] 2 

E E E E E 1^ (^(^1' ^3, ^.)usf-)h{sz')) I ip(^3 - ^i)i, 

41=1 42=1 43=1 44=1 a=0 

or by the same quantity with p(z4 — ii) instead of p(z3 — ii). In order to get the previous 
estimate, we have used Lemma [372] (i) plus the fact that the sequence {p(r)}rgz, introduced 
in (12.41) . is bounded. Moreover, by (12.131) and Lemma [3.21 (i). observe that 

E($(Zl,22,^3,U)/a(0^3(C))| = | ( (/^' (H , ^2, ^3 , ^4)^ (C)) ' O^^^ ) | < ' 

for any a = 0, 1, 2. Finally, since 

[ncJ [nd] 

E E 1*^(^3 - ?i) I < '^c? sup ^|p(r)|=Cn 

41 = 1,..., [naJ .^^-^ .^^^ 41 = 1,..., [naJ 

(and similarly for p(z4 — ii) instead of p(i3 — ii)), we deduce that the terms of the second 
type in A^^^ also agree with the desired conclusion (13. 3p . 



17 



(Ic) The third and last type of terms consist of those that arise when one differentiates 
"^2, "^3, "^4)5 -^3(^11) and I^i^Si^). In this case, the corresponding terms can be bounded by 
expressions of the type 

[naj [nbj [ncj [ndj 2 2 



ii = l 12=1 43=1 14=1 a=0 13=0 



Since 



$(^l,^2,^3,^4)/a(C)^/5(C) 



is uniformly bounded in n on one hand, and 



[naJ [nb] [ncJ / \ 

E E E 1/^(^3 - ^i)iip(^2 - ^3)1 <nclj2 i/^wi 

ii=l 12=1*3 = 1 \r6Z / 



2 

= Cn 



on the other hand, we deduce that the terms of the third type in A^^^ also agree with the 
desired conclusion (13.31) . 

(2) Second, we focus on the term A^^\ We have 

[naJ [nb] [ncJ [nd] 

4"^ = E E E E 1^ ((^' {H^u^2,^3,^M€)h{€))^C ® O^-) I I (^^3, • 

n=l 42 = 1 't3 = l 44 = 1 

When computing the fourth Malhavin derivative Z2, ^3, u)-^3(<^j^^)-^3(<^j^^)) , we have 

to deal with three types of terms: 

(2a) The first type consists in terms arising when one only differentiates $(zi, Z2, «3, ^4). 
By Lemma [3.21 (z), these terms are all bounded by 

[n.aj [nfej [ncJ [ndj 

-5/3 



n 

jl = l «2=1 «3 = 1 *4 = 1 



EE EE 1^ (<^'(^l,^2,^3,^4)/3(C )^3(C))| IP(^3 -^4)1 

which is less than 

Cn-'/-' J2 IP(OI sup sup ($(2i,^2,^3,^4)/3(C)^3(5f ) 

^^r?^ «3=l,---,l"cU4=l,...,|nd| I ^ 



[naJ [nbj 

reZ i3=l,-,M H=l,...,[nd\ -^^^ -^^^ 



Hence, by Lemma 13.31 we see that the terms of the first type in A2 well agree with the 
desired conclusion (13.31) . 

(26) The second type consists in terms arising when one differentiates $(ii, ^2, "^3, "^4) and 
73(5®^) but not h{Sf^^) (the case where one differentiates $(«i, ^2, "^3, "^4) and l3{Sf^^) but not 
h{Sf^^) is completely similar). In this case, the corresponding terms can be bounded either 
by 



[n.aJ [nfej [ncJ [ndj 2 

Cn-'/' E E E E E 1^ (5(^1' ^3, u)UStMSt")) I IP(^3 - ^l)\\p{^3 - ^4)\, 

il = l j2=l *3 = 1 *4 = 1 Q=0 
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or by the same quantity with p^i^ — ii) instead of p^i^ — ii). By Cauchy-Schwarz inequahty, 
we have 



<f(^l,^2,^3,^4)/.(C)^3(C) 



Since moreover 

[ncJ [ndj , .2 

ii=l,..., I na I • 1 • 1 V ^-77 J 

(and similarly for pii^ — i\) instead of pii-i — we deduce that the terms of the second 
type in J^2^ also agree with the desired conclusion (13. 3p . 

(2c) The third and last type of terms consist of those that arise when one differentiates 
"^(^15 "^2, "^3, "^4)5 -^3('5ii) and In this case, the corresponding terms can be bounded by 

expressions of the type 

[naj \rib\ [ncJ \nd\ 2 2 

cn-'i' E E E E E E 1^ ($(^i,^2,.3,^4)/.(C)^/^(0) 

«l=l 12 = 1 *3=1 ^4=1 a=0 /3=0 

X |P(«3 - «l)||p(«2 - ^3)||P(^3 - «4)|- 



Since 



is uniformly bounded in n on one hand, and 



i^(^*(^l,^2,^3,^4)/.(C)^/3(C 

[naJ \nh\ \nc\ \nd\ / \ 3 

E E E E i^(^3 - ^i)iip(^2 - ^3)iip(^3 - ^4)1 < ^4 E ipwi 

«i=l «2=1 «3=1 «4=1 \rgZ / 



on the other hand, we deduce that the terms of the third type in Ag*^^ also agree with the 
desired conclusion (13.31) . 

(3) Using exactly the same strategy than in point (2), we can show as well that the terms 
^3"^ agree with the desired conclusion (13.31) . Details are left to the reader. 

(4) Finally, let us focus on the last term, that is A^^\ We have, using successively the 
fact that Xlrez lp('^)l'^ ^ ^"^^ Lemma [3731 

\na\ \nb\ \nc\ \nd\ 

4"^ = EEEE l^(*(^i'^2,^3,^4)/3(C)^3(C))l i(^^3>'^M)ioi' 

n=l 42=1 13 = 1 24 = 1 

\na\ \nb\ \nc\ \nd\ 

= E E E E 1^ ($(2l,Z2,^3,^4)/3(C)^3(5f ))| |P(^3 - ^4)!^ 

h = l i2 = l «3 = 1 *4 = 1 

[naJ \nb\ 

<C sup sup 5^^|i?($(zi,Z2,23,^4)/3(5f)/3(C))l 

l<h<[nc\ l<u<[nc\ j^^]^ j2 = l 

Hence, the terms A^^"^ agree with the desired conclusion (13. 3p and the proof of Lemma 13751 is 
now complete. □ 
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Lemma 3.6. Let A = (Ai, . . . , Am) G M"^, mi, . . . , Um > 0, Up > and suppose gi, . . . , € 
C°°(M) are bounded with bounded derivatives. Define V„ G M'" by 



so that 

(A, V„) :=J2\k 9kiBit,^^))hi6f) (see below). (3.4) 

k=l i=l 

Then there exists C > 0, independent of n, such that 

sup E((Z}(A,V„),5,)2) <Cn-2/3 (3.5) 

j=l,...,\nup\ 
\nup\ 

J2E{{D{X,Y^),S,)l)<Cn-'/' (3.6) 

[nupl 

J2 E{{D'{X,Y^),6f%^,) < Cn-^l\ (3.7) 

Proof. We have 

m L""feJ 

(D(A,V„),5,),, = 5^A, ^ (7;X5(t._i))/3(<5f )(£._!, 5,)., 

k=\ i=l 

+ 3^Afc ^ g,{B{t,.,))l2{Sf){6,,6,)^. (3.8) 

fc=l i=l 

Hence, with p defined by (12. 4p . 

< 2m^A^, J2 |^(^/Ui?(^.-i)k;(i?(i^-i))^3(0^3(0)||(^.-i,5.)^.||(^^-i,5.)i-.| 
fc=l i/=l 

+ 18m J] A^, Yl \E{gk{B{t.^^))g,{B{te.^))h{6r)I2{6n)\ \ (5. 5,)., 1 1 {6e, 6,)r, \ 
k=i i,i=i 

[nuk\ 

<Cn-'/' sup 5^ |i?(^?;,(i?(t._i))^7;(5(t._i))/3(r)/3(5f))| 

k=l,...,m . „ -, 
i,t=l 

+ Cn~^/^ \p{i — j)\\p{i — j)\ by Lemma [3^ (i) and Cauchy-Schwarz 



<Cn^^^^ + Cn~^/^(j2\p(^)\) by Lemma O 



< Cnr'^iK 
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which is (13. 5p . Moreover, combining the first inequahty of the previous estimate with Lemma 
13.21 (ii) and Lemma 13. 3[ we also have 

[nup] 



fc=l,...,m . „ -, 



X 



["•lipJ / \ 2 

sup ^ |(e,_i,5.)^|+Cn-i/3(^|p(r)|) <Cn- 

l,...,[nuki j^-^ V^g^ / 



1/3 



which is fl3.6p . The proof of (13.71) follows the same lines, and is left to the reader. □ 
3.2 Proof of Theorem [331 

We are now in position to prove Theorem 13.11 For : M — M, let 

[nt\ 

t>0, n>l. 



We recall that hz{x) = — 3x, see (12. ip . and the definition (12. 3p of In particular, 

observe that 

Vn{B,t) = G-{l,B,t) + 'in-^/'^B{[nt\/n). (3.9) 
Our main theorem which will lead us toward the proof of Theorem 13.11 is the following. 

Theorem 3.7. If g & C°°(M) is bounded with bounded derivatives, then the sequence 
{B,G-{l,B),G-{g,B)) converges to (E, [5], -(1/8) / g"'{B)ds + J g{B) dlBj) m the sense 
oj finite- dimensional distributions on [0,oo). 

Proof. We have to prove that, for any i + m > 1 and any Ui, . . . , Ue+m > 0: 
{B,G~{l,B,ui), . . .,G;^{l,B,ue),G;^{g,B,ue+i), . . . ,G~{g, B,Ui+rn)) 

B, IBU,. . . , -- g"'{B{s)) ds + g{B{s)) dfBl, 

^ I III / / \ \ I 



Law 







g"'{B{s))ds+ / g{B{s))dlBl 
Jo 



Actually, we will prove the following slightly stronger convergence. For any m > 1, any 
Ml, ... , Um > and all bounded functions gi, . . . ,gm. G C°°(]R) with bounded derivatives, we 
have 

{B,G:^{gi,B,ui), . . . ,G-{g^rn,B,u„,)) 

-> (^B, £ g'i\B{s)) ds + g^{B{s)) . . . , 

"s/o ^™^^^''))^' + / gm{Bis))dlBlj. (3.10) 



Law 
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Using f l2.12p . observe that 

\nt\ 

G-{9,B,t) = J29{B{t,.,))hi6f). (3.11) 
The proof of (13.101) is divided into several steps, and follows the methodology introduced in 

m- 

Step 1.- We first prove that: 

lim E {G~ {gi,B,ui),...,G~{gm,B, Um)) 

= (-^ £^ E{g'^{B{s))) rf., . . . , E{gZ{B{s))) ds^ , 

(3.12) 



lim E ( II (G„ {gi, 5, mi), . . . , G„ {g.m, B, «,„)) ||!^ 

= E I ' E{gKB{s))) ds+-Ei^j^^ g':\B{s)) ds 
For g as in the statement of the theorem, we can write, for any fixed t > 0: 

\nt\ 

E {G;,{g,B,t)) =Y^E{g{B{t,^,))h{6f)) by dMl]) 
i=i 

\nt\ 

= Y,E {{D^g{B{t,.^)), 5f ),,«3) by (EH 
i=i 

= ^i?(/'(5(t,_i)))(e,_i,5,)| by m 

[ntj [ntj , . 

1 r* 

^--/ E{g"'{B{s)))ds by Lemma |32](w). 

n-^oo 8 Jq 

Now, let us turn to the second part of (I3.12p . We have 

m 

B\\{G-igi, B, ui), . . . , G:^{gm, B, n^))|||,n = ^ E{G:^{g^, B, u. 

i=l 



By the product formula (12.141) . we have 

+ 18/2((5j ® 5fc)((5j-, + 6((5j-, 6k)%. 
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Thus, for any fixed t > 0, 

[nt\ 

j,k=i 

[nt\ 

= Y^E {gm,^i))9mk^i)wf ® 5f )) 
j,k=i 

\nt\ 

+ {9{B{t,.{))g{B{t,.,))h{5f ® 5f)) {S„ S,)^ 

j,k=i 

[nt\ 

j,k=i 

[nti 

j,k=i 

= : An + i?n. + Cn + -D„. 

We will estimate each of these four terms using the Malliavin integration by parts formula 
fl2.13p . For that purpose, we use Lemma [3.41 and the notation of Remark 12. 5[ 
First, we have 

[nt] 

An=Y,E {{D%{B{t,^,))g{B{t,^,))l Sf ® 5f )^«e) 
j,k=i 



L"iJ 6 

^ E E []E{g^^\Bit,_,))g^'~^\Bit,.,))) (efi^^-^^r ^«rM- 

),fc=l a=0 ^ ^ 



ll3Tl 



J, 

[ntj 6 



j,k=l a=0 

ii,...,iee{j~i,k~i} 
\{e:ie=j-l}\=a 

Actually, in the previous double sum with respect to a and ^l, . . . , ^6, only the following term 
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is non-negligible: 

\nt\ 

i,fc=i 

\nt\ . 2 



j=l / 

>^e( [ g"'{B{s))ds] hjLemm&E^{iv). 

n^oo 64 VJo / 

Indeed, the other terms in An are all of the form 

[nti 5 
j,fc=l i=l 

where Xi and ?/j are for j or /c. By Lemma IX^ (^mj, we have X]j-'fc=i K^i-i? ^A;)i^| = as 
n oo. By LemmaO T^j, sup^- ^^i^ [^^j ni=i K^x.-i, = 0(n"^/^) as oo. Hence, 
the quantity in fl3.13p tends to zero as n — >• oo. We have proved 



An >^e( f g'"{B{s))ds) 

n->oo 64 V^O / 



Using the integration by parts formula (I2.13P as well as Lemma 13.41 we have similarly 
that 

j,k=l a=0 ^ ^ 
[nt\ 

< Cn-^l'^ ^ I bk);, I by Lemma O {%) 

j,k=i 

[nt\ 

= Cn-^^^ y - A;)| < V |p(r)| = Cn^^/^ ^ g, 

j,k=l reZ 

with p defined by ( 12^ . 

Using similar computations, we also have 



\Cn\ < Cn-^/^ y p\r) = Cn-'/'' y 0, 
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while 

[nt\ 



= ^ E E{g{B{t,.,))g{B{tk-i)))p'{j - k) 

j,k=i 

[nt\A{[nt\-r) 

= ^ E E E{g{B{t,^,), )g{B{t,^^^,)))p\r) 

reZ j=lv(l-r) 

6^p^(r) t E{g\B{s)))ds = K' t E{g\B{s))) ds, 

^^n, Jo Jo 



the previous convergence being obtained as in the proof of (13.271) below. Finally, we have 
obtained 

E{G-{g, B, t)') — -> I^E{g\B{s))) ds + ^E(^ g"\B{s)) ds^ \ (3.14) 

and the proof of (13.121) is done. 

Step 2.- By Step 1, the sequence [B,G~{gi, B,ui), . . . ,G~{gm, B,Um)) is tight in 
/^^[O, oo) X M™ . Consider a subsequence converging in law to some limit denoted by 

{B, G^{gi, B,ui),..., G^{gm, B, u„)) 

(for convenience, we keep the same notation for this subsequence and for the sequence itself). 
Recall Yn, defined in Lemma [3^ and note that by (13. lip , we have 

V„:= {G-{g,,B,u,),...,G-{g.^,B,uJ), neNU{cx)}. (3.15) 

Let us also define 

--j^ g'i\B{s))ds + g,{B{s))dlB},,..., 

gZ{Bis))ds + gUBis))diBl 

We have to show that, conditioned on B, the laws of Voo and W are the same. 

Let A = (Ai, . . . , Am) denote a generic element of M"^ and, for X, p E M™, write (A, p) for 
Yl^i '^if^i- We consider the conditional characteristic function of W given B: 

$(A) := ^ (e'<^'^>|5) . (3.16) 

Observe that $(A) = e*<^'^>-5<^.0^), where pk := -(1/8) J^" g',^ {B (s)) ds for A; = 1, . . . , m, 
and Q = {Qij)i<i,j<m is the symmetric matrix given by 

cUiAUj 



Qij ■■= I gt{B{s))gj{B{s))ds. 
Jo 
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The point is that $ is the unique solution of the following system of PDEs (see [12] 



dXp 



(A) = (p(A)( i/ip - ^Afc^pfc j, p=l,...,m, (3.17) 
^ k=i ' 

where the unknown function : M™ — )■ C satisfies the initial condition </?(0) = 1. Hence, 
we have to show that, for every random variable ^ of the form '?/'(i?(si), . . . ,i?(s,.)), with 
■?/^ : M'' — )■ M belonging to C^(M'') and Si, . . . , s,- > 0, we have 



dXp 



-k'Y^xJ E {gpiBis))gk{B{s))^e'^'^^-^) ds (3.18) 

k=l "^0 



for all p G {1, . . . , m}. 

Step 3.- Since {Yoo,B) is defined as the limit in law of (V.„,i?) on one hand, and V„ is 
bounded in on the other hand, note that 

^ E (e^<^.v-)e) = hm ^E (e^^^'^-^O • 



dXp n~*oo dXp 



Let us compute -^E (e*^^'^"^,^) . We have 

d 



dXp 



E (e^<^'^")e) = zE{G~{gp,B,Up)e^^''''"^^). (3.19) 



Moreover, see (13.111) and use (12.131) . for any t >0: 

[nt\ 

i?(G;(^?,i?,t)e^<W^) = Y.E{g{B{t,.,))h{Sf)e^<''''-k) 

i=i 

= J2e{{D' (^(fi(Vi))e^<^'^")e),5?V3). 

The first three Malliavin derivatives of g{B{tj^i))e'^^'^'^"^$, are respectively given by 
D((7(fi(t,-i))e^<''^">0 



(3.20) 



^?'(i?(t,_0)e^<''^">e ^,-1 + z^?(5(t,_i))e^<"'^">e/^(A, V„) 
+ g{B{t,_,))e^^''''->D^, 



D'{g{B{t,_,))e^^''''->0 

= /(5(t,-_i))e^<''^">e 1 + 2zg'{B{t^^,))e'^''''->^ D(A, V„) ® 
+ 2^'(S(t,_i))e^<''^"> D^^sj^, - (7(i?(t,_i))e^<W^ /^(A, V^)^^ 
+ 2^(?(E(t,_i))e^<W D^^D{X,Yn)+tgiB{t,.,))e'<''''-^^D'{X,Yn) 
+ 5(S(t,_i))e^<W /)2^, 
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and 



+ z(7(i?(t,_i))e^<^'^">e^=^(A,V„) + (7(i?(t,_i))e^<^'^"> 

+ 3i^(E(Vi))e^<^'^"> Z^2^®D(A,V„,) +32(?(5(t,-_i))e'<^'^"> D^^D^{X,Yn) 
+ 3^'(5(t,_i))e^<^'^"> Z}2^ ® ej^i + 3z^?'(5(t,-_i))e*<^'^">e ^j-i ® ^'(A, V„) 
- 3^7(S(t,_i))e^<^'^">e /^(A, V„) ® D2(A, V„). 

(3.21) 

Let us compute the term D'^(A, V„). Recall that 

k=l k=l 1=1 

Combining the Leibniz rule (12151) with D{lq{f®'i)) = for any / G ii, we 

have 



k=l 1=1 



(3.22) 



Combining relations fl3.19p . (13.201) . (I3.2ip . and (13.221) we obtain the following expression: 



_d_ 



\nup\ 



[nUpl 



(Lifcu,pj fit, V 
j=i fc=i ^=1 ^ j=i 



with 



'^1 



= Afc 5^ (^7p(i?(t,_i))^?r(i?(i^-i))4(5f (^£-1,5,) 

k=l 1=1 

+ 9zEA, E ((7p(i?(t,_i))(7i:(i?(t,_i))/2(5f )e^<^'^")e) 
fc=i £=1 
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k=i e=i 



+ 3^^ (^;(S(t,_i))e^<^'^'^>e(^'(A, V„)), 6f),,^.) 5,)^ 
-3E (^,(S(t,_0)e^<''''">e(^(A,V„),5,)^(Z^2(A,V„),5f)^«.) 

+ 3iE {g,{B{t,.,))e'^''''-\D{X,Wn),Sj)s,{D%6f)^^.) 
+ E{g,{Bit,.,))e^^''''"\D%6f'^ 



15 



(3.24) 



a=l 



Assume for a moment (see Steps 4 to 8 below) that 



E 



0. 



(3.25) 



By Lemma 13.21 (iv) and since e*^''*'^"^ , ^ and g'^ are bounded, we have 

^ <(5(Vi))(^,-i,5,)^) -i?(e^<^'^")e X ^ 5^ <(5(t,-i)) 

V j = l / \ j = l 



0. 



Moreover, by Lebesgue bounded convergence, we have that 
Efe^(^.^")e X til <(i?(t,_0)) - i?fe^<^'^">e X 



i=i 



(-1) 



<(i?(s))ds 



^ 0. 



Finally, since (5,V„) ^ (B,Voo) in £'r[0,cx)) x M™, we have 



-1) 



<(i?(s))rfs WE e^<^'^-)e 



X 



■1) 



g';{B{s))ds 



Putting these convergences together, we obtain: 



^(^e^(A,v„)^ g <(5(t,-i))(e,-i, ^ i?(e^<^'^->e X ^t <(i?(.)) rfs) . (3.26) 
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Similarly, let us show that 
j=i 1=1 



e^(A,v^>^^y^ g^(Bis))g,iBis))ds]. (3.27) 



We have, see (12.41) for the definition of p: 

[nup\ [njifcj 

6 J2 E 9piB{tj-i))gk{B{te.,)){6,,6,)l 
j=i e=i 

= - E E 9piBit,^^))g,{B{t,^^mi - j) 
j=i e=i 

D 



E P'^"^^ E 9p{B{t,.^))g,{B{tr+j-i)). (3.2^ 



n 

r=l — [nup\ J=1V(1— r) 



For each fixed integer r > (the case r < being similar), we have 

^ [nMpjA([nMfeJ-r) ^ [nupj A( [n.Ufc J -r) 

- E ^7p(i?(tj-i))^7fe(i?(W,-i)) - - E 9piB{tj^i))9k{B{t,^,)) 



n — ' n 

j=lV{l-r) j=lV(l-r) 



< Cll^fplloo sup 5(fc(5(t,.+j_i)) - g^{B{tj_^)\ — ^ by Heine's theorem. 

\<j<Vnup\ 



Hence, for all fixed r ^ 

lnUp\A{lnUk\-r) rUpAUk 

V gpiBitj_,))gkiB{tr+j-i)) / (?p(5(s))^fe(i?(s))rfs. 

i=lV(l-r) 

By combining a bounded convergence argument with (13.281) (observe in particular that 

= QJ2rezP'^i^) < °'^)' deduce that 

6 E E / ^7p(5(^^))^7fe(5(s))rfs. 

Since (5,Vn) ^ (5,Voo) in £'r[0,cx)) x M™, we deduce that 

£—1 / fc=l,...,m 

/ riipAuk \ 

^ Voo, e, / gAB{s))gk{B{s)) ds] in M'^ x M x 

\ Jo / k=l,...,m 
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By boundedness of e^<^'^"\ ^ and g-i, we have that (13:271) follows. Putting (l3:25|) . (jSD, and 
(1^:271) into f l3:23|) . we deduce (l3:T8|) . 
Now, it remains to prove ( I3.25p . 



Study of Rfl, Rfl and i?]^^^^ in ^M)- Let G {1,2,3}. Since 

Qkr^ 

(9s,-, ■ ■ ■ 9s 



with ijj e C^iW), we have Yf^i \ {D^i^^T) < Cn~'^^~^^l'^ by Lemma O (i) and 
Moreover, K^j-i, 
for p e {5,8, 15}. 



Moreover, | (e^.i, 5^)^,1 < Lemma O (i). Hence, Y.f^{ l^5>l = 0(n"2/3) o 



5.- Study of i?};^ and R^^ in (13:21) . We can write, using Lemma [3.21 (i), Cauchy- 
Schwarz inequality and the definition (12. 4p of p among other things: 

>(3)| 



<18^|A,| E |^(^?p(i?(Vi)K(i?(i^-i))A(5.)e^<''^">0|(^^'^.)?.|(^^-i'^.)^.| 
fc=i j=i 1=1 

\nup\ [riMfcJ 

< y y - jf < Cn'^" y P{rf = Cn~^'' > 0. 

j=l 1=1 rez 

Concerning -R^ ^, we can write similarly: 

\nup\ 

?(2)| 



)2 
'^1 



fe=l j=l £=1 

< y y \pU-])\ <Cn-^'''Y\p{r) \ =Cn~^l'' ^ 0. 



study of I^ll, i?J5, and i?^^^^ First, let us deal with I^fl. In 

order to lighten the notation, we set ^^^i = gp{B{tj_i))g'l'{B{ti_i))^. Using I^{Sf^) = 
l2{Sf''^)Ii{6i) — 2n~^/^Ii{6i) and then integrating by parts through (12.111) . we get 
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Due to Lemma [3.21 (i) and Cauchy-Schwarz inequality, we have 



sup sup 

e=l,...,[nuk\ j=l,...,[nup\ 



By ( 13 -Sp and Cauchy-Schwarz inequahty, we also have 

sup sup E (e''^^'''"^h{Sf%AD{\,^n),5e), 

i=l,...,[nuf,] j=l,...,[nup] ^ 

Hence, combined with Lemma [3.21 (i) and (ii), we get: 

[nup] m [nup] [nw^J 

j=l k=l j=l 1=1 

\nup\ 

< Cn-^!^ sup y I (5j)xJ < Cn-^l^ > 0. 

Now, let us concentrate on Since e*^'^''^"^ ^, and are bounded, we have that 

\nup\ \nup\ 



L f A 

< Cn"^/^ ^ {iDi^^^n),Sj)l) by Lemma[321(z 



n— ^-oo 

Similarly, 

[nup\ [nup\ 



< y 



n— >oo 



by dMD and fl3TD . 



For Rfn\ "^^^ write: 



A — 1 — 1 



L 

< Cn-^'^ \E ((D(A,V„),5j)|)| by Lemma[32](i) 

< y by fl33|l . 
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step r- study of i?]^, i^J^, R^^ ^ Rf^^ and R^^ . 

Using f l3.8p . and then Cauchy-Schwarz inequality and Lemma [3.21 ii). we can write 



(4)1 



<3 E l^«(^(Vi)e^^''''"^e(^(A,V„),5,),,)| 

k=l j=l i=l 

fc=i j=i i=i 

< Cn-^/^ sup y I <5j)xJ + Cn-^/=^ V V |p(z - j)| < Cn"^/*' > 0. 

Using the same arguments, we show that Yl^j=i^ l-^fnl ^ ^^'^ X]i=T^ l-^i'^n'*! ^ 0- 

Differentiating two times in f l3.8p . we get 



fe=l j=l 



fc=l i=l 



)2 

fc=l i=l 



Hence, using Cauchy-Schwarz inequahty and Lemma [3.21 (i)-(ii). we can write 

[nup\ 



(11)1 
'j,n I 



i=i 

i=i 

m [nup\ [nuk\ 

k=i j=i 1=1 

+ i8Ei^'^i E E l^fe(^(^.-i))^?Ui?(t.-i))e^<^''^"^e/2(r))l 



A;=l j = l 1=1 



X I 1 1 {ej-i, 6j)rj \ \ {6i, 6j)sj \ 
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A;=l j = l i=l 

[nup] [nup] [nufej 

<Cn-V^ sup J2 \ {e^-i,S,)^\+Cn~'/' Yl E |/'(^-^')| 

i=i 1=1 

< CvT^I^ > 0. 

Using the same arguments, we show that Xll""''^ l-^fn^l ^ 0- 

Step 8.- Now, we consider the last term in (13.241) . that is R^^n- Since e*^'*'''^"\ ^, and 
are bounded, we can write 

[nupl [nupl 

E^55 <c^i?(i(D(A,v„),5,),/) 

< C i?((/^(A,V„),5,)?,) +E((D(A,V„),5,)^J. 
In addition we have, see (13. Sp . that 



^i5;((z}(A,v„),5,) 

[nupl m L'^MfcJ L'^WfcJ L""fcJ L""feJ 



L/fcLtpj /At L"'"'fcJ l"'^kA L"'"'A:J L'^-^-feJ / \ 

< E E^'^ E E E E E(U{^u^^^j)W>^im.-i))h{sr:)] 

j=l k=l ii=l i2=l «3=1 44=1 ^ a=l ^ 

[nup\ m lnu^:\ [nu^J [nufcj [nu^J ,4 s 

+ 648m=' E E E E E^(n<^-^^)^^^'^(^(^--i))^2(C)) 

J = l fc=l «!=! j2 = l *3 = 1 i4 = l ^ a=l ^ 

m p L""pJ L""fcJ ['^"fcJ ["^^feJ L""fcJ / 4 X 

<cY:xt E ZEE ^(nfaBfe-i))/3(0) 

k=l j=l 'ti = l 42=1 «3=1 «4=1 ^ a=l 



[n?ipj [nufcj [nuk] [nuftj L""fcJ 4 ^4 

+ E E E E E ni(^-'^^)^^i E(ii9kiBiu^.,))hi6i 

j=l ii=l 12 = 1 «3=1 44=1 1=1 ^ a=l 



®2^ 



By Lemma [3.51 we have that 

[nufcj [nMfcJ [ntifcj [nu^J 



""■fcj L""-fcJ L'^^feJ L""fcJ / * \ 

E E E E £^ nf;(B(*n-,))/,(r) 

«i=l '*2 = 1 43=1 ii=l ^ a=l ^ 
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so that 



[nupl [nufcj [riMfcJ [nuk\ [nwfcj 



n 



-4/3 



,i.u,pj L/tufcj Litufcj L""fcJ L""fcJ / \ 

E E E E E £^(n*(s(«..-.))4(ir)) 

j=l ii = l 12=1 23=1 44=1 ^ a=l ^ 



On the other hand, by Cauchy-Schwarz inequahty, we have 



a=l 



<c, 



so that, with p defined by (12. 4p . 

[nupl [nuk] [nuk] [nuk] [nut] 4 ^4 x 

E E E E EnK^-^^)^^i^(n^^^w-0K2(C)) 

j=l ii=l 42=1 23=1 44=1 a=l ^ a=l ^ 

<Cn-'/' E E X IPfe-j)l X 5^ |p(^3-j)l X 

j = l ii=l *2 = 1 *3 = 1 14 = 1 

As a consequence, combining the previous estimates with (13.6p . we have shown that 



/3 



E ^5v« 
j=i 



and the proof of Theorem 13.71 is done. 



□ 



Theorem 3.8. If g & C°°(M) is bounded with bounded derivatives, then the sequence 
{B,G+{l,B),G+{g,B)) converges to (S, [S], (1/8) / g"'{B)ds + J g{B)dlB]) m the sense 
oj finite- dimensional distributions on [0, oo), where 



\nt\ 

Gt{g,B,t) := —Ygm^)) h{n'/'ABj), t > 0, 

V'^ 7 = 1 



n > 1. 



Proof. The proof is exactly the same as the proof of Theorem 13.71 except ej-i must be 
everywhere replaced ej, and Lemma [3.21 (v) must used instead of Lemma [32] (iv). □ 

Proof of Theorem 13. IL We begin by observing the following general fact. Suppose U 
and V are cadlag processes adapted to a filtration under which \^ is a semimartingale. 
Similarly, suppose U and V are cadlag processes adapted to a filtration under which is a 
semimartingale. If the processes {U, V) and ([/, V) have the same law, then U{s—) dV{s) 
and U{s—) dV{s) have the same law. This is easily seen by observing that these integrals 
are the limit in probability of left-endpoint Riemann sums. 
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Now, let G„ and be as defined previously in this section. Define 

G-{g, B, t) = £ g"\B{s)) ds + g{B{s)) d\B],, 

G+{g, B,t)=^- £ g"\B{s)) ds + j\{B{s)) d{B\,. 

Let t = (ti, . . . , trf), where < ti < ■ ■ • < t^. Let 

5, t) = (G; 5, ti), . . . , 5, trf)), 
and similarly for G^, G", and G'^. By Theorems 12.111 [3171 and 13.81 the sequence 

{(5, G;((?, 5, t), G+(^?, 5, t))}- , 

is relatively compact in -D]g2[0, oo) x M*^ x W^. By passing to a subsequence, we may assume 
it converges in law in D^2 [0, oo) x R"' x R'^ to (5, X, F), where X, F e R''. 

By Theorems 12.111 and 13 . 7[ {(5, Ki(i?), G^{g, B, t))} is relatively compact in D^2[0, oo) x 
R'^, and converges in the sense of finite-dimensional distributions to {B, G~{g, B, t)). It 
follows that {B,VniB),G-{g,B,t)) {B, G-(^, 5, t)) in law in L)k2[0, oo) x R"^. Hence, 
(B, IB],X) and {B, lB],G {g,B,t)) have the same law in D^2[0,oo) x R"'. By the general 
fact we observed at the beginning of the proof, {G~{g,B),X) and {G~{g,B),G~{g,B,t)) 
have the same law. In particular, {G~{g,B,t),X) and {G~{g,B,t),G~{g,B,t)) have the 
same law. But this implies G~{g,B,t) — X has the same law as the zero random variable, 
which gives G~{g, B,t) — X = a.s. 

We have thus shown that X = G^{g,B,t) a.s. Similarly, Y = G^{g,B,t) a.s. It follows 
that 

(5, K(i?), G^ig, B), G+(^, B)) ^ (B, {BlG^ig, B), G+ig, B)), 

and therefore 

in the sense of finite-dimensional distributions on [0, oo), which is what was to be proved. □ 

4 Moment bounds 

The following four moment bounds are central to our proof of relative compactness in 
Theorem 

Theorem 4.1. There exists a constant G such that 

ElV^iB, t) - Vr,{B, s)\'<G (^M_M^ ' , 

for all n, s, and t. 
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Proof. The calculations in the proof of Theorem 10 in [TT] show that 



E 



j = [nsj+l 



for all n, s, and t. 



□ 



Theorem 4.2. Let g G C"^(]R) have compact support. Fix T > and let c and d he integers 
such that < tc < td < T . Then 



E 



j=c+l 



where \\g\\i,oo = \\g\\oo 
Proof. Note that 



<C\\g\\l^At'/%i-t^ 
g'Woo, O'nd C depends only on T . 



4/3 
c| ; 



E 



(4.1) 



j=C+l i=C+ljr=C+l 

where E,^ = E[g{P,)ABfg{Pj)AB^]. Let K = ||^||i,oo, and define f : ^ R hj 
f{x) = K~'^g{xi)g{x2)x^. Note that / has polynomial growth of order 1 with constants 
K = 1 and r = 5. 

Let ^1 = A, 6 = ^3 = At-i/6A5„ Y = At-^/^AB^, and ip{y) = y^. Then 
= K^At^/^E[f {^)ip{Y)]. By Theorem O with A; = 0, \E[f{^)ip{Y)]\ < C\r]\, where 
?7j = Using Lemma \2.9\ we have 

<CAt'/%r'/' + \J-^\-'^'), 

< cAt'/'r^/', 

\r]3\ < C\j - zll'^' . 



IVil 

1^2 1 



Hence, 



-2/3x 



= K^At^/3|i?[/(0^(r)]| < CK'iAt''/'{r'^' + \j - 
Substituting this into (14. ip gives 

2 

< CK^At^^/'^id - c)^/3 _^ At^/^^rf - c)) 



-5/3x 



E 



E ^(i?(t.))AS 

j=c+l 



< CR'At'^/'^d - c)^/=^ = Cir^AtVsj^^ _ ^^|4/3^ 



□ 



which completes the proof. 

Theorem 4.3. Let g G C^(M) have compact support. Fix T > and let c and d he integers 
such that < tc < td < T . Then 



E 



E aims, 

j=c+l 



where \\g\\2,oo = llfi'lU + Hfi-'l 



g"\\oo, and C depends only on T . 
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Proof. Note that 

d 2 d d 

E J2 am^B^ = E E (4-2) 

j=c+l i=c+lj=c+l 

where E,j = E[g{P,)ABfg{Pj)AB'^]. Let K = \\g\\2,oo, and define f : R hj 

f{x) = K~^g{xi)g{x2)x^. Note that / has polynomial growth of order 2 with constants 
K = 1 and r = 3. 

Let ^1 = A, 6 = ^3 = At-i/6A5„ F = At^VeAE,, and ^{y) = y\ Then 
E,, = K''AtE[f{i)^{Y)]. By Theorem O with = 1, E[f{i)^{Y)]\ = TiiE[d^f{i)] + 
ry2^[a2/(0] + where < C{\r^^\ + Ir/p). By (EIZD, if J = 1 or j = 2, \E[djf{m < 
C{\E[Uz]\ + |^[6e3]|). Therefore, using |r/3p < |r/3| and \ah\ < \a\' + \h\\ 



Using Lemma [2 .Qj we have 

Together with the estimates from the proof of Theorem 14. 2[ this gives 



Substituting this into ( 14.2P gives 



-4/3 



r'" + \3-^\7"') + ^t\J-^\7"')■ 



-4/3 



5/3n 



E 



J2 9m,))^B^ 

j=c+l 



< CK^At{d -c)= CK^lU - tc 



which completes the proof. 



□ 



Theorem 4.4. Suppose g G C^(M) has compact support. Fix T > and let c and d be 

integers such that < t^ < t^ < T . Then 



E 



J2 i9i(3,) - gm^B: 

j=c+l 



where C depends only on g and T. 

Proof. Let Yj = g{(ij) — g{/3c), and note that 

d 2 



E 



j=c+l i=c+l j=c+l 



where Eij = E[YiABfYjABl]. For fixed ij, define / : ^ M by 



fix) 



^ g{xi + aiX2) - gjxi) ^ ^ g{xi + ajXs) - gjxi) ^ 



(4.3) 
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where crj = E\Pj — /3c p. Note that / has polynomial growth of order 2 with constants K 
and r that do not depend on i or j. 

Let ^1 = /3e, 6 = - /3c), 6 = CTJ\P, - /3c), ^4 = At-i/^AE,, F = Ar'/'AB,, and 

(^(y) = y^. Note that = aiajAtE[f{^)^{Y)], so that by Lemma [23](v) , 

\E,,\ < CAt'/'\t - c^j - cnE[fiO^{Y)]\. (4.4) 

By Theorem O with k = 1, E[f{0^{Y)] = SZl=iVkE[dkfiO] + where \R\ < 
Ci\v4 + l'?!^)- Using \ab\ < |ap + and the fact that Ir/^p < |?7p, this gives 

\E[mMy)]\ < c(j2\E[dkmw + iv^i + \v{- 



^ k=l 

By dSHD, for each A; < 3, \E[dkf{0]\ < ^ELi I^['^^^4]|. Therefore, since 7]j = E[^jY], we 
have 

\E[fi0^iY)]\ < c(e[UY] + J2(\E[^'^n' + \E[^km')). (4.5) 
^ k=i ' 

To estimate these covariances, first note that d — c = n{td — tc) < nT. Hence, At = < 
C{d — c)~^. Now, using Lemma [2. 9^ 



\E[^iY] \ < CAt^/6|j - c\-^/^ < C\d-c\-^/^\j - c|-'/3 < C\j - c\ 



-5/6 



\E[^sY]\ <c\j- cr^/^ij - c|-2/3 = c\j- c|-^/^ 



\E[^,Y]\<C\t-c\-'/%\j-c\-'/' + \j-t\^ „ 



|i?[e4y']|<c|j-z|;^/l 

Similarly, 

\E[^im < CAt^/^lz - c|-2/3 < C\d - c|-^/^K - c|-'/3 < - c|-^/^ 



\E[^2U]\ < C\z - cl-i/^K - cr^/s = - c| 



-5/6 



Substituting these estimates into (14.51) and using (14.41) gives 



\E,,\<cAt'/%\t-cnj-cn-.,^ 



5/3 

+ |, _ c|l/6|^- _ c|-3/2 + |, _ c|-l/6|^- _ c|-7/6 + 1^ - c\-'/'\j - c\'/'\j - ^|;'/' 

We can simplify this to 

\E,,\<cAt'/%\i-cnj-cmj-t\-'/' 



38 



Using |a6|<|ap + |6p, this further simphfies to 

\E,,\ < C^t^/\\r - c|V3|^- _ ,|;4/3 + _ e|V3|^- _ ,|;4/3 

We must now make use of (14. 3p . Note that 

i=c+lj=c+l j=c+l 

Similarly, 



j=c+l i=c+l 

Also, 

^^4/3 ^ ^ 1^ - c|l/^|j - c|-^/6 < ^ 1^ _ ^|l/6 < C'At^/3(^ _ ^)7/6 

i=c+l j=c+l i=c+l 

<C/\t"\d-cfl' = C\U-uf\ 

and similarly, 

^^4/3 ^ ^ |,_c|-7/6|^-_c|l/6<C|t,-t,|4/3. 
j=c+l i=c+l 

It follows, therefore, that ^^Lc+i X]j=c+i l-^ul — ~ '^A'^^^- By (14. 3p . this completes the 
proof. □ 

5 Proof of main result 

Lemma 5.1. If g & C^iM.) has compact support, then X]}=i 9il^j)^Bj — t- ucp. 

Proof. Let Xn{g,t) = ^(/3j)A5|. Fix T > and let < s < t < T be arbitrary. 

Then 

d 

X^{g,t)-X^{g,s)= Y^am^Bl 

j=c+l 

where c = \ns\ and d = \nt\ . By Theorem 14.21 



E\X„ig, t) - X^ig, s)\' < CAt'/'\t, - t^\^/' <C\t,- t^\'/' = C (^M_M^ 



5/3 



where C depends only on g and T. This verifies condition (12. 6p of Theorem 12.21 By 
TheoremS^l sup„ T)|2 < < oo. Hence, by Theorem|Ml {Xnig)} is relatively 



39 



compact in -Dir[0, oo). By Lemma [2.3[ it will therefore suffice to show that Xn{g,t) — )■ in 
probability for each fixed t. But this follows easily by taking s = above, which gives 
E\Xn{g, t)P < CAt^/^ and completes the proof. □ 



Lemma 5.2. If g E C^{M.) has compact support, then 

[nt\ 

12 



Intl 

Ug',B,t) ^ g{B{t))-g{Bm + - /'(/3,)A5j. 



Proof. Fix a, fe G M. Let x = {a + h)/2 and h = {h - a) /2. By Theorem [Ml 

g{h) - g{a) = {g{x + h) - g{x)) - {g{x - h) - g{x)) 

= - E 9^'\^)^-^ + h) - -h) 

= E - «y + Rii^, h) - R,{x, -h) 

j odd 

= g'{x){b -a) + ^g"'{x){b - af + ^J'\x){b - af + R^i^a, b), 



where i?2(fl, b) = Ri{x, h) — Ri{x, —h) and 

5! Jo 



Ri{x,h) = ^ / (1 + -^(6)(x)]ciM. 



Similarly, 



^^^""^ ^ ^'^^^ - g'ix) = \{g'{x + h)- g\x)) + \{g\x - h) - g\x)) 



lg"'{x){b - + ^,g'^'\x){b - af + i?4(a, 6), 



where i?4(a, 6) = Rz{x, h) + -R3(x, — /i) and 



i?3(a;, h) = — (1 - + n/i) - g'^^\x)] du. 



4! Jo 

Combining these two expansions gives 

g{h) - g{a) = ^>1±^(6 _ a) - ^g"'{x){b - af + T^?^'^^)!^ " «)' + ^6(a, 6), 
where 7 = (5!2^)-i - (4!2^)-i and 

i?6(a, = -R2(fl, ^) — -R4(a, 6) (6 — a). 
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Note that Re{a, h) = h{a, h){h — a)^, where 



\h{aM<C sup W^'^x + uh) - g^''\x)\. 

0<w<l 



Taking a = B(tj_i) and b = B{tj) gives 



h{B{t,^^),B{t,))AB^ 



Recall that Bn{t) = B{lnt\/n), so that 

[nt] 

g{B{t)) - g{B{0)) = h{g\ B,t) - -J^ 9"\P,)^B^j + ^n(^7, t), 



12 



where 



[nij [nt\ 

It will therefore suffice to show that en{g,t) — )■ ucp. 

By the continuity of g and B, g{B{t),t) — g{Bn{t), \nt\/n) — )■ uniformly on compacts, 
with probability one. By Lemma EH since g^^^ e C^M), 7 9^^Kl3j)AB^ ucp. It 
remains only to show that 

[nti 

J2 h{B{t,.i), B{t,))AB^ ucp. (5.1) 

Fix T > 0. Let {n{k)}'^^^ be an arbitrary sequence of positive integers. By Theorem I2.10[ 
we may find a subsequence {m(/c)}^^ and a measurable subset Q* C Q such that P{Q*) = 1, 
t I—)- B{t, u) is continuous for all u E Q*, and 

[m(k)t\ 

J2 A5,-„(fc)(a;f^l5t, (5.2) 
as /c — > oo uniformly on [0, T] for all u E Q*. Fix w G We will show that 

[m{k)ti 

J2 h{B{t';ll\oo),B{tf'\u))AB,^^^,){iof ^ 0, 
i=i 

as /c — 7- oo uniformly on [0,T], which will complete the proof. 
For this, it will suffice to show that 

[m(k)T\ 

J2 \hmT~i\^)^B{tf^'\co))\AB,,r^^k){uf ^ 0, 
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as /c — > oo. We begin by observing that, by (15. 2p . there exists a constant L such that 
^jm(fc)Tj „i(fc)(a;)^ < L for all k. Now let e > 0. Since has compact support, g is 
uniformly continuous. Hence, there exists 5 > such that |6 — a| <5 implies \h{a^h)\ <e/L 
for all t. Moreover, there exists such that k > ko implies \ABj^^(^k-^{u))\ < 6 for all 
1 < j < \m{k)T\. Hence, if k > ko, then 



[m(fc)rj [m(fc)TJ 

which completes the proof. 



□ 



Corollary 5.3. If g ^ C^(M) /ias compact support, then In{g',B,t) ^ where for any 

T>0, 

sup sup < oo. 

n i6[0,T] 

Proof. This follows immediately from Lemma 15.21 and Theorem 14.31 □ 

Lemma 5.4. If g & C^(R) has compact support, then {In{g',B)} is relatively compact in 
D^[0,oo). 

Proof. Define 



[nt\ 

Xn{t) :=-$^/'(/3,)A5j, 



Y{t) ■.= g{B{t))-g{B{0)) 

■.= Ug',B,t)-Y{t)-X^{t). 

Since {x,y,z) \-^x + y + z is a continuous function from Dir3[0,oo) to -Dir[0, oo), it will 
suffice to show that Y, En)} is relatively compact in Drs [0, oo). By Lemma [521 £n ^ 

ucp, and therefore in Dk[0, oo). Hence, by Lemma [2.11 it will suffice to show that is 
relatively compact in -Dm[0, oo). 

For this, we apply Theorem 12.21 with /3 = 4. Fix T > and let < s < t < T. Let 
c = [ns\ and d = [nt\. Note that q{a + < C{\a\^ + \b\^). Hence, since g has compact 
support and, therefore, g'" is bounded, 



E[q{Xnit) - Xnis))'] = E 



j=c+l 



< CE 



< CE 



Y.{g"\P,)-g"'m)AB 



j=c+l 
d 



J2{g"'W,)-g"'mAB^ 

j=c+l 



+ CE 



CE 



E 9"'i(3c)AB 

j=c+l 



j=c+l 
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Since g'" G (M) , we may apply Theorems 14.41 and 14. which give 

\nt\ — \ns\ ^ ^^'^ 



E[q{Xn{t) - Xn{s)f] < C\U - tcl'/' + C\U - tcf < C 
which verifies condition (12. 6p of Theorem 12.21 As above, 

[nT] 



n 



E\XniT)\^<CE 



< CE 



j2{9"'m-9"'mAB] 

LnTJ 



CE 



J2i9"'m-9"'mAB] 
< CT^/^ + CT. 



[nT\ 
LnTJ 



C E 



4\ 1/2 



Hence, sup„ -E|X„(T)p < oo. By Theorem 12. 2^ {Xn} is relatively compact, completing the 
proof. □ 

Lemma 5.5. If g & C^(R) has compact support, then 

iM, B, t) « am)) - mm + ^ E «"'(g('^-»+»"'(g('^)) ,,3(„v.AB,). 

Proof. Using the Taylor expansions in the proof of Lemma 15.21 together with Lemma 15. 
we have 

j=i j=i 



By Lemma [5.21 since /i3(x) = x — 3x, it therefore suffices to show that 



[nt\ 



n 



V3^ 9"'{B{t,^,))+g"'{B{t,)) 

^ 2 

i=i 



AB,=n-^lHrig'\B,t)^^. 



Since g'" G C^(M), this follows from Lemma [5.41 Corollary 15. 3 [ and Lemma [2.31 



□ 



Proof of Theorem 12.121 We first assume that g (and also G) has compact support. By 
Lemma 15.51 and Theorem 13. 1[ we need only show that {(S, 1^(5), /„((/, S))} is relatively 
compact in D]r3[0, oo). By Lemma l2.H it will suffice to show that {/„((?, -B)} is relatively 
compact in Dir[0, oo). But this follows from Lemma [5.41 completing the proof when g has 
compact support. 

Now consider general g. Let 

S„= (5,K(S),/n(^?,5)) and '^ = [B\B\^g[B)dB). 

For T > 0, define S^(t) = S„(t)l{t<r} and S^(t) = S(t)l{f<r}. By (3.5.2) in [1], if two cadlag 
functions x and y agree on the interval [0,T), then r{x,y) < e""^, where r is the metric on 



43 



Df^d[0, oo). Hence, by Lemma [2 ■4[ it will suffice to show that — j- S"^ in law, where T > 
is fixed. 

Let H : D]g3[0,oo) — )■ M be continuous and bounded, with M = sup\H{x)\. Define 
Xn = -ff(S^) and X = H{p^), so that it will suffice to show that X„ — X in law. For each 
k > 0, choose Gk € C^(M) with compact support such that Gk = G on [—k, k]. Let gk = G'l^, 

= (5,K(5),/n(^7fc,5)), Sfc = {B, lBlfgk{B)dB), 

Xn,k = H{El,^) and ^ = H{El). Note that - X„,fc| < 4, where 

6k = 2MP I sup \B{t)\ > k] . 

\0<t<T J 

Also note that that 5^ — as /c — t- oo. Since Gk has compact support, we have already 
proven that Xn,k Yk in law. Hence, by Lemma [2.41 it will suffice to show that Yfc — )■ X in 
law. However, it is an immediate consequence of (12.191) that — > r!^ ucp, which completes 
the proof. □ 

Proof of Theorem [2A3l As in the proof of Theorem 12321 {{B, Vn{B), J„)} is relatively 
compact. Let {B,X,Y) be any subsequential limit. By Theorem 12.111 X = kW, where 

is a standard Brownian motion, independent of B. Hence, {B,X,Y) = (i?, 
Fix J e {1, . . . , k}. By Theorem|2l2l (5, Y,) has the same law as {B, {Bj, J gj{B) dB). 
Using the general fact we observed at the beginning of the proof of Theorem 13. H together with 
(EIIS]) and the definition of [5], this implies (/ gj{B)dB,Yj) and (/ gj{B)dBj gj{B)dB) 
have the same law. Hence, Yj = J gj{B) dB a.s., so {B, X, Y) = {B, {Bj, J). □ 
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